
Asymptotics of sequence A002513 
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The sequence A002513 in OEIS (see [1]) is originally defined as an expansion of product 

 

 
 

                  

 

   

 

in powers of x.  

 

 

Main result: 

               
    

      
       

 
   

  
   

  
  

 

 

Proof: 

The generating function is also 

 
 

              

 

   

 

 

In the notation from [2] we have a formula for the main asymptotic term: 

 
For a minor asymptotic of the convolution of two sub-exponential functions I obtained in 2017 (using a several 

steps of  "Series" in Mathematica) the general formula: 

 

Let 
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where            and            are constants, then convolution of        and       is asymptotic to 

 
convsubexpfun[Exp[r1*Sqrt[n]]/n^b1, Exp[r2*Sqrt[n]]/n^b2] * (1 + minorsqrt[r1,b1,c1,r2,b2,c2]/Sqrt[n]) 

 

where convsubexpfun see [2] and 
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is the generating function for a partitions (see A000041). 

From Hardy-Ramanujan-Rademacher formula follows 

 
This expansion also follows from an expansion of the BesselI function (see [4]) and the formula 

 

             
            

 
          

 
  

           
 

 

 
We have a constants 

     
 

 
                                    

  
 

 
 

 

    
 

 

The second generating function is  

 
 

       

 

   

 

 

and the second asymptotics (for even powers) we get from the previous formula after substitution   
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After substitution of r1,b1,c1 and r2,b2,c2 into the formula we get an expression 

 
The final asymptotic is 

    

      
       

 
   

  
   

  
  

 

 

 

 
Note that for a sequence A000009 with the generating function  

 

       

 

   

 

we have a similar expansion 
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Numerical verification, the asymptotic ratio tends to 1: 
 

 
 

Richardson extrapolation, from 100000 terms of the sequence. The convergence is very good. 
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