Asymptotics of sequence A002513
(Vaclav Kotésovec, published Aug 24 2019)

The sequence A002513 in OEIS (see [1]) is originally defined as an expansion of product
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in powers of Xx.

Main result:
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Proof:
The generating function is also

= 1
B(l—x"") * (1 — x2k)

In the notation from [2] we have a formula for the main asymptotic term:

convsubexpfun[partminus[1, 1], partminus[2, 2]]
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For a minor asymptotic of the convolution of two sub-exponential functions | obtained in 2017 (using a several
steps of "Series" in Mathematica) the general formula:

Let
erVn cl
F16) ~ 5 (145
and
er2Vn c2
f2(n) ~ 7 * (1 +\/_ﬁ)

where r1 > 0,b1,c1 and r2 > 0, b2, c2 are constants, then convolution of f1(n) and f2(n) is asymptotic to
convsubexpfun[Exp[rl*Sqrt[n]]/n*bl, Exp[r2*Sqrt[n]]/n*b2] * (1 + minorsqrt[rl,bl,cl,r2,b2,c2]/Sqrt[n])

where convsubexpfun see [2] and

minorsqrt([ri_, b1_, cl_, r2_, b2_, c2_] :=

Simpli-Fy[ (% + %) *1/ (r_t? + r'z?) +

(2% (b1 +b2+ (b1-b2)"2) + (2b1 -1) xbl+ (r222-ri”2) /ri*2+

(2b2-1) 2b2x (ri~2 -r2"2) /r'2“2—15/8)/wf (r1*+r2?) ];
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is the generating function for a partitions (see A000041).

From Hardy-Ramanujan-Rademacher formula follows
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This expansion also follows from an expansion of the Bessell function (see [4]) and the formula
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A000041(n) ~

besseliasy[r , z_] :=
Exp[z] /Sqrt[2Pixz] =
(1-(4r*2-1)/(82) + (4r*2-1) x (4r"2-9) / (2! (82)"2) -
(4r°2-1)+ (4r*2-9) + (4r~"2-25) /(3! (82)~3));
2 +Pixbesseliasy[3/2, 5qrt[24n-1]+Pi/6]/(24n-1)~(3/4)
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The second generating function is
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and the second asymptotics (for even powers) we get from the previous formula after substitution n — %
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After substitution of r1,b1,cl and r2,b2,c2 into the formula we get an expression
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The final asymptotic is

Note that for a sequence A000009 with the generating function
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we have a similar expansion

1
4. 3/8 378
N RN 5 _ a2 _as5y3 | 3543 sk 3
e V3 |1 8m  asv3 128 12372 = 13824 10247 28487 368643 1990656 V3
+ + + +
o n /2
105 42525 315 7 x2 Find

65536 32768 7%  16384m% 1769472 1146617856
2




Numerical verification, the asymptotic ratio tends to 1:

e‘\."?n [1 ﬁ+%]

Show [ListPlot [Table [Aeezsls [[n]] /
n

{n, 1, Length[A@92513] }]],
Plot[1, {n, 1, Length[ABB2513]}, PlotStyle - Red]]
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Richardson extrapolation, from 100000 terms of the sequence. The convergence is very good.

$MaxExtraPrecision = 1600;
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funs[n_] :=A092513[[n]]/ ey
n

Do[
Print[
N[Sum[ (-1) ~ (m+ j) = funs[]j = Floor [Length [AB©2513] /m] ] =
Jrm-1)/(3-1)r/ (m-3) 1, {J, 1, m}], 4@]], {m, 1@, 200, 18}]
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