Interesting asymptotic formulas for binomial sums
(Vaclav Kotesovec, published 9.6.2013, extended 28.6.2013)

In October and November 2012 | discovered over 400 asymptotic formulas for sequences in the OEIS (On-Line
Encyclopedia of Integer Sequences). Most of which are certainly new. This article is a selection of the most
interesting. In addition, formulas are more readable if are published in classical mathematical format than in
text format only.
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1) Basic binomial sums
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We find the maximal term with the help of Stirling's formula. The maximum is a point where the first
derivative is equal to zero.

stirling[n ] :=n*n/E*n*Sqrt[2+Pi*n];

binom[n , k¥ ] := stirling[n] /stirling[k] /stirling[n-k];

FullSimplify[D[Simplify[binom[n, r*n] % (r+n) *n], r]]

—§—n—n1 ;—n (-1+x}

3, -
n2n(nr) 2 (n-nr) 2 (l+2n(-1+r)-2r+2ni(-1+r)r (-Log[nr] +Log[n-nr]))

2+2m (-1+1)

Limit[((l1+2n (-1l+r)-2r+2n (-1+x) ¥ (-Log[nr]+Log[n-nr])))/n, n=Infinity]

2(-1+r) (l+rLog[l-r] -rLeog[xr])

Solve[l +rLog[l-x] -rLog[xr] = 0]

1
{{r - 1+ ProductLog[i] }}

(ProductLog = LambertW) N - r 20]
1 + LambertW [ l]

0.782188235428019890122

r is the root of the equation

FindRoot[(r/ (l-x))*r =E, {r, 1/2}, WorkingPrecision =+ 50][[1]]

r - 0.78218829428019990122029707552674478018120840396630 '

The maximal term in the sum is at position r * n, following graph is in the logarithmical scale.

n = 1000; ListPlot[Log[Table[Binomial[n, k] xk*n, {k, 0, n}1]1]
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The value at the maximum is
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PowerExpand [E‘ullSimplify binom[n, r*n] % (r+*n)*n/. r->
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Now we compute contributions of othertermsk =nx*r +m

_ (nr?— m) * (nr +m)"
T(m) = (n ) e ()"

nr

lognfak[n ] :=zn+Log[n]l -n+l1/2xLog[n]l +1/2xLog[2%Pi] +1/ (12%=n);
logbinom[n , k ] := lognfak[n] - lognfak[k] - lognfak[n - k] ;
sLogl[k , n ] :=Log[un]l +k/n-1/2%(k/n)*2+1/3%(k/n)"*3;

Simplify[legbinom[n, r#+n+m] +n*Log[r+n+m] -

(logkinem[n, r+#n] +nxLog[xr*n])]

1 1 1 1 1
e - +6Log[nr] -12nLog[nr] +
12 'm+n (-1+1x) nr n-nr m+nr

l2nrlog[nr] +6Logn-nr] +12 (n-nr) Logn-nx] -
¢Llog[-m+n-nr] +12 (m+n (-1+1r)) Log[-m+n-nr] -

6Llogm+nr] +1Z2nlogm+nr] -12 (m+nr) Logm+nr]

We apply the first three terms from Taylor series (near 0)

2 3

log(1 + 2) .
o) 7)) =z——+——--
_ & 2 3
and approximate
FullSimplify[
1 1 1 1 1
—_ | — s — & - +6Log[nxr] -l2nLog[nzx] +

12 \m+n (-1+1x) nr n-nr m+ner
12nrLog[nr] +6Log[n-nxr] +12 (n-nx) Log[n-nzx] -

6 sLog[-m, n-nxr] +12 (m+n (-1+xr)) sLhog[-m, n-nr] -

6 sLlog[m, nr] +12nsLog[m, n¥r] -12 (m+nr) sLog[m, nr]]]

1 1 1 (2m®(-1+2m) (3-2m)m?n 6 (-1+m) mn?
— | + — + + -
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2m?® (1+2m-2n) m? (3+2m-6n)n (1—6m(1+m—2n))n2]
+ + +
3 r r
1 1

-1lZmlog[nr] +1Z2mlog[n-nrj

Last two terms can be simplified

12m
12mlog(n(1 — r)) — 12mlog(nr) = 12m (log(1 —r) —log(r)) = —
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and the final asymptotic expansion is

n

n i (1+w) nn 2nw omn 1 B e*LambertW(l)
;(k)kn N_\/W*(E) " /“*(w+1)3‘(5) " ’(w+1)_ \/1+LambertWe(%)



A086331 (for k = 0 is the value = 1)

n k _ pl/e n i)
Z(k)k e rn *(1+Zen

n
k=0

stirling[n ] :=n"*n/E*n*Sqrt[2+Pixn];

binom[n , k ] := stirling[n] /stirling[k] /stirling[n-k];
FullSimplify[D[Simplify[binom[n, r+*n] % (r*n) *(r+n)], r]l]

1 .
m-nr) 2 1.2 (C1+n(-1+r))r+2n(-1+71) rLog[n-nr])

2+/2m (-1+r) (nr)3/2

3
n2+n

Limit[(l+2 (-1l+n(-1+r))r+2n (-1+xr) rLog[n-nr])/ (nxLog[n]), n- Infinity]

2(-1+r)x

r = 1 and the maximal term is at position k =r*sn=n

n = 1000; ListPlot[Log[Table[Binomial([n, k] *k*k, {k, 1, n}]1]]
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A072035 - the maximal term is at position k = n

n = 1000; ListPlot [Log[Table [Binomial[n, k] xk*n#n*k, {k, 1, n}1]]
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A167008

, S K 1 _r? _r
lim Z(k) Ao yam = T S (1-7)"2 = 1.533628065110458582053143 ...

where r = 0.70350607643066243... (A220359) is the root of the equation

(1 _ T)Zr—l — r2r

(see also A219206)

We find the maximal term with the help of Stirling's approximation

stirling[n ] :=n*n/E*nxSqrt[2+Pixn];
binom[n , k ] :=stirling[n] /stirling[k] /stirling[n - k]
FullSimplify[D[Simplify[binom[n, k] *~k], k]]

1 1 l.a 1k
e {k2 “nz*™ (k+n)7z* ) n*
1+15 k/2 —1—]{ 1+n —l+k—n
22 72 (kL (k- n) kLog[k]—kLog[—k+n]—L0g[k2 nz™® Lk sn)z } +

(2m)*¥% (n+ (-k+n) Log[ZJT]))
Fullsimplify[
PowerExpand [
(_21*% /2 (k+ (k - n) (kLog[k] —XkLog[-k +n] —Log[k_%_k n"® (_k+n)‘%‘k‘“])) +
(27)? (n+ (-k +n) Log[2:rr])) ok (r*n)”

(27) 2 (n+ (n-nr) Log[27]) -

(-1+r)(2n(-1+2r)Logn] +(l+4nr)Log[r]+{(l+2n-4nr) Log[n—nr]))

Limit.[(nr+ E n(-l+r) (2n(-1+2r) Log[n] + (1+4nr)Llog[r]+(1+2n-4nr) Log[n-nr])]/ n*2,

n—;Infinity]
-(-1+r) ((-1+2r) Log[l-r]-2rLoglr])

FindRoot[(1-x)*(2r-1) =xr~(2xr), {r, 1/2}, WorkingPrecision - 50]

{r—+0.70350607643066243096929%9661621777095213246845742428}

The maximal term is asymptotically at position k = r * n, where r is the root of the equation

(1 _ T)Zr—l — rZr

n =1000; ListPlot[Log[Table[Binomial[n, k] *k, {k, 0, n}]]]

400000
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Complication is that r = n is not a integer, see following graphs with distributions of residues and differences.

ListPleot[Table[ ListPlot[Table|
kreal = nx0.70350607643066243; kreal = nx0.70350607643066243;
k = Floor[nx0.70350607643066243] ; k = Floor[n*0.70350607643066243] ;
val0 = N[Log[Binomial[n, k] “*k], 10]; val0 = N[Log[Binomial[n, k]“*k], 10];
vall = N[Log[Binomial[n, k+1]" (k+1)], 10]; vall = N[Log[Binomial[n, k+1]% (k+1)], 101;

{kreal - Floor[kreal], vall -wvall}, {n, 1, 1000}]] valO-vall, {n, 1, 2000}]]

For term near maximumand k = r * n is

(Z)k _ (k + 1)k+1 1 (rn + 1) .
( n )k+1 n—k (n) n—rn
k+1 rn

r nr
(rn+1)m+1~ e*r*(l—r)
n—rn 1—r

From Stirling's approximation

(rm) ~ 1
™m (1 —r)nA-1 « [2mnr (1 —r)
Together
m+ 13 1 27Trn rer "
(_) Ko ~ @ XT % * -
n—rn 1-r \@-r?t

()

(1 _ r)Zr—l = p2r

But for r at the maximum is

and therefore fork = r *n is

B 1
L

2mr
1+ = 7.38377232346663224248764224531926185 ...

Limit[FullSimplify[Binomial[n, k] *k/Binomial[n, k+1]*(k+1) /. k> r%n]/Sqgrt[n] /.
FindRoot[(l-x)*(2xr-1) =x*(2x), {xr, 1/2}, WorkingPrecision -+ 50][[1]], n = Infinity]

7.3837723234666322424876422453192€18506957882140
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For this function only lower and upper bound exists, not exact limit or asymptotic.

ListPlot[ ListPlot[
Table [Sum[Binomial[n, k] "k, {k, 0, n}] /Binomial[n, x#n]” (x#n), Table [Sum[Binomial[n, k]*k, {k, 0, n}] /Binomial[n, r#n]”* (x%n),
{n, 1, 200}1] {n, 1, 1000}]]

K\ r

n
lim Z (") = lim (" )” = (1 —r)0-Dry=% = 1.533628065110458582053143 ...
n—oo k n-ooo \IN

FullSimplify[PowerExpand[Simplify[binom[n, nxx]* (xr/n)l1]]

=—;+n (-1:x) ':l r

Ler _xr _r{l+2nr) i3
n YT T 27 T2n p 2n (n-nr) n

Limit[FullSimplify[PowerExpand[Simplify[binom[n, n*xr]*(xr/n)]1]1, n = Infinity]
\ 2
(1-1) (-1:x) ¢ T

Limit[FullSimplify[PowerExpand[Simplify[binom[n, nxx]*(x/n)11]1, n= Infinity] /.
FindRoot[(l-x)*(2xr-1) =~ (2x), {¥, 1/2}, WorkingPrecision < 50][[1]]

1.53362806511045858205314300045407385281553630259558




A167009

n 2,1
2 Nty
Z (Z )~ e J
prr n nvtm
where
k=+o0
c = Z e~2k* = 1.271341522189 ...
k=—o0
if nis even (see A218792)
and
k=+o00 N2
c = Z e 2(+3) = 1.23528676585389 ..
k=—o0
if nis odd

Proof: We find the maximal term with the help of Stirling's approximation

stirling[n ] :=n*"n/E*n%Sqgrt[2+«Pixn];
binom[n , k ] :=stirling[n] /stirling[k] / stirling[n - k];

Simplify[D[Simplify[binom[n*2, r*xn~2]], r]]
1 3 n2 _3 n2 -1+r) —g—nzx
{n2)2+ (—nz (—1+r}} 2+ (1em) [nzr) 2

242

{—1+2r—2n2 (-1+1r) JcLog[—n2 (—1+r}] +2n? (-1+1r) rLog[nzr])

Limit[(-l+2r-2n2 (-1 +r) rLog[-n2 (-l+r)] +2n? (-1 +r) rLc:g[n2 r])/n*Z,
n—)Infinity]

-2 (-1+r)r(Log[l-r]-Log[r])

r=1/2

The maximal term in the sum is at position
k=n/2

n = 1000; ListPlot[Log[Table [Binomial[n~2, k«n], {k, 0, n}]]]
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The value at the maximum is

PowerExpand [Simplify[binom[n*2, n*2/2]]]

e

n/n
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If n is even then

n2
1 —1oo 1 =+
n 2 2n2+§ k=+ (n (%-I— k)) 2nz_l_E k=+ i
2 (o) ~ e 2, Jm = e
Jrn

kn mn n—-oo nz
k=0 k=—o0 nz k=—c0

If n is odd then

nZ
n n2+l  k=+too ( n l ) 2,1 k=too
z 2 _ n(Z +k+2) _ on 2>|< 2 e_%(2k+1)z

=
I
O
=~
I

|
8

Limit[Binomial[n*2, nx (n/2 +k)] /Binomial[n*2, n*2 /2], n - Infinity]

2 k2
e

Limit[Binomial[n*2, nx (n/2+k+1/2)] /Binomial[n*2, n*2 /2], n» Infinity]

1 1,212
3_2 (1+2 k)

10



A167010

n n2+2
Z(n)n ~ % e V44 2" 2
k (nn)n/z
k=0
where
k=+o0
c = Z e~2k* = 1.271341522189 ...
k=—0o0
if nis even (see A218792)
and
k=+o N2
c = Z e 2(+3) = 1.23528676585389 ..
k=—o0
if nisodd

Proof: We find the maximal term with the help of Stirling's approximation

stirling[n ] :=n"n/E*n*Sqrt[2«Pixn];
binom[n , k ] :=stirling[n] /stirling[k] / stirling[n - k];
Simplify[D[Simplify[binom[n, r+*n]*n], r]]

1 1.1 P 1 _ IR
—7{ 1 ) 2 nam? n2 "(nr)" 27" (n-nr)
-l+r)r ,

(-1+2r+2n(-1+r)rlog[nr] -2n(-1+r)rlog[n-nr])

— \
F+n (-1+x)

Limit[(-1+2r+2n (-1+r) rLog[nr] -2n(-1+r) rlog[n-nr])/n, n-»Infinity]
-2 (-1+r)r{Log[l-r]-Loglr])

r=1/2

The maximal term in the sum is at position
k=n/2

n =1000; ListPlot[Log[Table [Binomial[n, k] *n, {k, 0, n}]1]]
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From simple form of Stirling's formula we obtain main asymptotic term,

PowerExpand [Simplify[binom[n, n/2] *n]]

P (5+n) /2 en/2 '

but such result is not exact. For more precise asymptotic we must use in this case better approximation:

11
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stirlingx[n ] := (n*n/E*n+Sqrt[2+«Pixn]+ (1+ (1/12) / n));
binomx[n , k ] :=stirlingx[n] /stirlingx[k] /stirlingx[n - k];
PowerExpand [Simplify[binomx[n, n/ 2] *n]]

(1
2n (5+m) 3n nm’z (1 + 6n}—2n (1 + 12n}nn—nf2

1
S+n

1
Limit.[ [2“ (32) 3o v (L+6n)2" (1+12n)" :r‘“”)/ (2“ (3+0) o2 :r‘“”] , D= Infinity]

( n )Tl ~ ! * 2n(n+%)n—%n_—%

n/2 el/4

Same result we obtain also with Maple

n
asympt[ (binomial(n, %)J L1, 2]

Now, if n is even then

n n
n n24+2 k=+00 (E ) n2+ k=+oc0
z (n)n ~ p-1/4 2 lim ~2 — e 1/4 2”2 " Z o—2k?
k (T[n)n/z n—-oo n \" (n-n)n/z
k=0 =— (n/z k=—c0

Limit[Binomial[n, n/2 +k] *n/Binomial[n, n/2]*n, n » Infinity]

2 k2
&

Limit[Binomial[n, n/2+k+1/2]*n/Binomial[n, n/2]*n, n- Infinity]

\2
5 (1+2K)

12



A096131 - the maximal term in the sum is at position k = n

stPlot[Log[Table [Binomial[k*n,

n],

{k, 0, n}111

A226391

13
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2) Binomial sums with x*

Forx>%
n
Z(n+k o @0t
. n 2x—1 VTN
Forx ==
n n
Zn+k k _ Zn+k() —on
1 k=0 k=0
andfor0<x<5
n
Z n+k o 1
1_x n+1
£ ( )
_1 k+ny\1
x=1 A141223 3" 37, ( ' )=
_2 2n 1 n+k 8"
x=2 A089022,2" (") - 3" Zic} 1B ") ~ 6

x=1 A001700 = (
x =2 A178792

1)

Proof: If x > % then the maximal term in the sum is at position k = n (graphs for x = %and forx = 2)

n=1000; ListPlot[Table[Log[Binomial[n+k, n] * (2/3)*k], {k, 0, n}]] n = 1000; ListPlot[Table[Log[Binomial[n+k, n] *24k], {k, 0, n}]]
2000
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n [o') 2n k n k
k 2x (4x)"
Tl + k xn *
) n (Zx)k 2x—1 Vin

Case0<x<§

stirling[n ] :=n*n/E*n*S8Sqrt[2+Pisn];
binom[n , k¥ ] := stirling[n] /stirling[k] /stirling[n - k];
FullSimplify[D[Simplify[binom[n+r%n, n] *x* (r*n)], r]]

3 3
= n2 " (nr) 2% (n(l+1)) 2 FRIRE ynE
227
(-1+2nr(l+r) {(-Log[nr] +Log[n {(1+r)] +Log[x]))

Limit[FullSimplify [PowerExpand[(-1+2nr (1+zx) (-Log[nzr] +Log[n (L+xr)] +Leg[x]))]1]/

n, n= Infinity]

-2r {l+r) (Log[r] -Log[l+xr] -Log[x])

Solve[Log[r] - Log[l + r] - Log[x] = 0, r]

Hr e 71X+x}}

14
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The maximal term in the sum is at position

k =-—xn (graphsforx = -and forx = ~)

n = 1000; ListPlot[Table[Log[Binomial[n+Xk, n] /3*k]l, {k, 0, n}1] n = 1000, ListPlot[Table[Log[Binomial[n+k, n]* (1/2)*k], {k, 0, n}]]
400 700
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300 w0
400
200
300
100 200
100
200 400 600 800 1000 200 400 600 800 1000

The value at the maximum is

Ass'lm_ing[{x >0, x<1/2},

x
F'ullSinq::lify[PowerExpand [binom[n +r*n, n]xx*(xrxn) /. r= —]]]
1-x

(1-=)—"

V2m Anx

and contributions of others terms is (with the same method as on page 4)

A.sstmri.ng[{x;»o, x<1/2},

Linﬁt[binom[n+rkn+m, n]*x*(r«n+m)/ (binom[n+xrxn, n] *x* (rxn)) /.

x
ro —— /. {m3cxSgrt[n]}, n= Infinity]]
1-x
c? [-1:x)2
e Zx

where
2
m
c?=—
n
n m=+oco
Z n+k\ i 1 _mia-n?
( )x ~ * e 2nx
n (1 —x)" *v2nnx
k=0 m=—oo
But
k=+0co k2 © 2
Z e N ~ f e Ndx =+VnN
. k=—0o0 —®
Here is
N = 2nx
(1 —-x)?

and the final asymptotic expansion for 0 < x < % IS

n
2 (n + k) £~ 1 . 2nmnx _ 1
n 1—-x)"*V2mx (1 —x)* (1—x)"*!

k=0
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Main results from my previous articles (see [2] and [3] for more):

For p>1, x>0, n—> o

n 1+ x5>
|
2 () ~
k=0 J(Znn)p‘l xpxx P
Forp >0,g=>0,n—-> ois
i n+k (1+nr)m r(1—r2)
~ *

o A —rprr - J(p+q+ (@ —q)r)* 2an)Prat

where r is positive real root of the equation
A=7r)P*x(14+7r)=rprHa

Especially forp =q > 0

n p 2n+1)
z n + k - (1+v2)
e 2D/2+3/4 4 (n-n)p—l/Z % \/5
andforp =2q >0
5 _
& 2

Z n + k -
P 51/4 /q (2nn)34-1

Forp=0,qg>0n-ois

i n+ ky? 20+

T (29 — 1) * (mn)4/2



3) Sums with Fibonacci and Lucas numbers

A135961 - sum with Fibonacci numbers

SE

n2
n 4
N Fort ~ ¢ *(“@) v5F oo ()
k=0 2 \/E

where
k=400 —k2
145
c = Z 5"/2*(7> — 3.5769727481316948565395 ...
k=—c0
(A219781) if nis even
and
1 2
k=+00 k_Jr% 1445 ~(k+3)
c = z 52 % > = 3.5769727390073366345992 ...
k=—c0
if nisodd

Interesting is that first 7 decimal places of both constants are same, but constants are different!

Proof:

i(Fk)""‘ ~ i 57 (G(l + \/§)>k>n_k
k=0 k=0

n=1000; ListPlot [Table [Log[Fibonacci[k]* (n-k)], {k, 0, n}]]

120000
100000

80000

60000

We find the maximal term

Simplify [D[(1/Sqgrt[5] * ((1+Sgrt[5])/2)*(r*n))*(n-xrxn), r]]

7} 5% n (-l+r} n-nr

2

\nr

n (:—Log[f»] +2Log[(é (1+75)) ] +2n (-1+1) Log|Z (1+v5)])

2

Simplify[PowerExpand[[Z Log[[i [1+\/?)]“] +2n (-1+1) Log[i [1+\/?)]]/ n]]

-2 (-1+21) Log[l+£]

r=1/2

The value at the maximum is
PowerExpand [Simplify [ (1 /Sqrt([5] % ((1+ Sgrt[5])/2)*(xr*n))*(n-xr*n) /. xr->1/2]]

5T G (1 +~f?]]nTz

17
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Now, if n is even then

n n/2-k n_2 © K2
1+ F, 1++/5\* 2
Z(Fk)n—k ~ 5‘%( \/_> Z ( n/2+k)n/2 5_%< 2\/_> . Z 5k/2( )
=0 o (Fuj2) = 1++5
if nis odd then
n n/2—-k-1/2 —(Zk )2
Z(Fk)n—k - % <1 + ‘/_> Z (Frzic41/2) ' ~ 5% (1 + */_> Z 5k/2+1/4( 2 ) o
2
k=0 k=—co (Fn/z)n K=—co 1++5
A187780 - similar result for Lucas numbers
nZ
N 14+V5\*
Dk ~ e (T) ~ e L)
k=0
where
=+00 - ListPlot[
k=t 1+ \/g k Table[{n, Sum[LucasL[k] " (n-k), {k, 0, n}] /
c = Z > = 2.555093469444518777230568 ... ((1+Sgrt[5]) /2)~(n*2/4)}, {n, 30, 100}]]
k=—o0
if niseven
and 255509 ettt eeeeeea e
2 . .
k=+o00 2.55509
11445 (r2)
c = Z > = 2.555093456793304790966994 ...
k=—o0 .
if n is Odd N 40 50 60 70 80 90 100

18
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4) Miscellaneous binomial sums

A219614 - sum with Stirling numbers of the second kind

n

a, = Z (n_llz+ 1)k! * Sy(n, k)
1 k=0
. sap\n 3r?—-3r+1
lim (—) =2 2 153445630931668421506236 ...
n-o \n! 1-2r

where r = 0.410751485627... is the root of the equation

-1/r
(1-2r)+ r*(1—3r+3r2)*LambertW<— " >= 0

For Stirling number first and second kind (in central region!) | use following approximations (in Mathematica
notation):

Slasy[n_,k_]:=n!'/k!*(-Log[-k/n/LambertW[-1,-k/n*Exp[-k/n]]])*k
/ (1+k/ (n*LambertW[-1,-k/n*Exp[-k/n]]) ) *n*Sqrt[-k/ (2*Pi*n*2* (LambertW[-1,-k/n
*Exp[-k/n]1+1))1;

S2asy[n_,k_]:=n'/k! * (n/k+LambertW[-n/k*Exp[-n/k]])*(k-n) / ((-LambertW[-n/k*
Exp[-n/k]])*k * Sqrt[2*Pi*n* (l+LambertW[-n/k*Exp[-n/k]1])1]1):;

FullSimplify [D[kinom[n-rxn+ 1, rxn] x52asy[n, r+«n] « (ran) !, r]]

R - I _ g-liz_ynr 9 _ a-lir_am(-lem)
ninr) & (l+n-2nr) = (l+n-nr)2” n! |-Productlog|- | — + Productlog| -
foor - r oo -
1 2 A - ooeelim R _oe-liz
n | + |—2n Log[nr] -2Log[l+n-2nr] +Log[l+n-nr] + Log|-Productlog| - - Log| — + Productlog|- +
-l+n(=-1+z) l+«n-2nr/ - - r -- tr - r --
1 1 2 A - opmliz
———nl + |—2n Log[nr] -2Log[l+n-2nr] +Log[l+n-nr] + Log|-Productlog| - -
r -l+ni-1+r) l+n-2nr!/ L L r 4
1-r 5y
o -+ . roe-liz, LT
1 o oaliz I L+Productlog| -~—— ' o oaliz z
Log| — + ProductLog |- ||I—‘rc:1ucthg - + — / |47 |n |1+ ProductLog|- || |
tr - r - - r - r - r -
Lnut[
1 2 e-lit 1 gliz
n [ + ]— 2n |kognr] -2Log[l+n-2nr] +Log[l+n-nr] +Lo-g[—ProductLo-g[— H —Lo-g[— +Pro-ductLog[— H +
-l+ni{-1+71) l+n-2nr r r r
1 [ 1 2 J
-=+n + -
r -l+n{-1+71) l+n-2nr
a-lit 1 a-lit a-lit
2n |Lognr] -2Log[l+n-3nr] +Llog[l+n-nr]+ Log[—Pro-ductLog[— ” - Log[— + Pro-ductLog[— ]] ProductLo-g[— ] +
r r r r
1l
elit
L.P:oan:-_t.og[-—_] p
— = Jf n,n= InEinit‘j]
72 /
a-lir a-lit _ a-liz 1

-

2|2Log[l-2r] -Log[l -r] -Loglr] - Lt:g_—Prcducthg_—

+ Lu::g_— + Prcducthg_—
1l Ly L

1 | ‘l + Prcducthg_—
r ! L

19
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e-1/r e 1/t

1] -e.

1
!‘indRoot[Z Log[l-27r] -Log[l-x] -Log[x] - Log[-ProductLog[- ] ] + Log[ -+ ProductI.og[-
r

r r

{xr, 0.3}, WorkingPrecision = 50]

{r—+0.410751485€27086241946399230188911397€4505759339773}

e /T

11+

Plot[Z Log[l-2x] -Log[l -=x] -Log[x] - I.og[—ProductI.og[-
r

e 1/z

1], = 0. 1]

1
Log [ — + ProductLog [ -
r

x

Point of the maximum

n = 1000;
ListPlot[ParallelTable[Log[Binomial[n-k+1, k] *StirlingS2[n, k] k!], {k, 0, n}]]

6000 [
5000
4000 [
3000 -
2000

1000

L,

(terms for k > n/2 are equal to zero)
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1 1 e 3 . . 3 = -liz -T 71 -lic [=lex)
L:i.m.:i_t-.[[[[«a‘lnh'l nr) 2= (l+n-2nr) 2= e (1+n-nr)2"-“l [—1:'1:~c-c1urr.*:.L¢c-gr[—'lt ]] [—+Pmduct1.og[—e ]] ]]/ (n,-'E)];
r r

r

I Infj.nity]

a-liz -z =

- E—!L."r
[.;1_2r3'““ e R [—Prn-ductl.n-g[— ]J
r

a-Liz

! ] _,fl [1 +r Prn-ductl.n-g[— ] J
Ik r

— + ProductLog [—
r r

J

g-liz

] [{1 -2 (e -1e ) )T [- ProductLog| - ]]t [f - ProductLog[- e“”‘]]‘]/ [1 e Pmductm[_ewlft ]] S
T r

r r

r-»>0.41075148562708624154639923 20]

1.5344563093166842151

PowerExpand[
. . Sla2r 1t = (1 =
E‘u_'I_lSJ.mle_fy[((l-zr) (-(-1+1r) 1) (((l-2%x)*2/ (-r*(1-3%xr+3xr*2)))) [—+(1-2*1")"2,-'(-r*{1—3*r+3tr"2))] ]/
r

{1+r*((1_2*1")*2;{_n(l_s*ns*r*z))))]]

- 1 -l+r -z
(1-2r) ™ = (1+3(-l+1) 5)" —+—J
r l+#3(-1+r)r;

(3%#xr*2-3%xr+1)/(1-2%x) /.
FindRoot[(1-2%xr)*2+xr% (1-3%xr+3%xr*2) * LambertW[-E* (-1/x) /x] =0,

{x, 1/2}, WorkingPrecision —» 50]

1.53445630931€684215062360001020693306695135011957

Numerical verify:

Show [
ListPlot[
ParallelTable[ (Sum[Binomial[n-k+1, k] *8tirlingS2[n, k]l k!, {k, 0, n}] /nl)*(1/n),

{n, 1, 1000}], PlotRange -+ {1.3, 1.55}],

Plot[(3%r*2-3+x+1)/(1-2%zx) /.
FindRoot[(1-2%x)*2+r% (1-3%xr+3%xr*2) « LambertW[-E* (-1/x) /xr] =0,

{x, 1/2}, WorkingPrecision - 100], {n, 1, 1000}, PlotStyle - Red],
PlotRange - {1.2, 1.55}]

155¢

1501

1451

1.40

135

200 400 600 800 1000

LB BOER YT
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A102743

The maximal term is at position k =n + 1

k-1
|

|Z k
n: X
k=1

ZOO L(n+1—k)"* Zm
n.(n — e
~ 1 lim = n 1y el—k — * pt1
nooo N1 (Tl +1- k)'
k=0 k=0

A220452

zn:(Zk —3)n (Z) ~ (2n—3) xe
k=1

Proof: the maximal term is at position k = n

n Zw (2n—2j—3)!!(nr_lj) o y
3 ny oy =0 B A i 2771 = 2n)vn
;(Zk 3 (}) ~ (2n -3 T (2n -3 2 T

— 101
~(2n =3« Zj—'~ 2n—3)1*xve ~ n" 1« 2" 2 xe27"
j=0 "
(according with Mathematica, (-1)!'=1)
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New asymptotic formulas (extended 28.6.2013)

5] ((p + 1)k) (pT;() ) <(p + 1)%“ .\ p>n+§

Z k
pk+1

3
k=0 V2rnd/2 (p + 1)2°" pn+l

A007317(n+1) (p=1), A049130(n+1) (p=2), A226974 (p=3), A227035 (p=4), A226910 (p=5)

A135753

where

c= z 2k 37k* = 1.8862156350800186 ...

k=—o00

if n is even and

(o)
2

1 1
c= z 2k+7 3-(+3) = 1.8865940733664341 ...

- - k=-oco
if nis odd
A135754
n n 4_k _1 n—k 2%2+n+%
;(k)< 3 > T 32
where

c= Z 3k 4-K* = 1.86902676808473931 ...

k=—0o0

if nis even and

oo

1 1\2
c= Z 3k+3 4_(k+5) = 1.87384213421283135 ...

- - k:—OO
if nis odd
A135079
n n_z Tl+l
k S
=0 mn
where

c= Z 3-%* = 1.6914596816817 ...

- - k:—OO
if n is even and

® 2

1
c= Z 3_(k+5) = 1.69061120307521 ...

k=—0o0

if nis odd


http://oeis.org/A007317
http://oeis.org/A049130
http://oeis.org/A226974
http://oeis.org/A227035
http://oeis.org/A226910
http://oeis.org/A135753
http://oeis.org/A135754
http://oeis.org/A135079

A048163, S, = Stirling numbers of the second kind

an = ) ((k=1DH?* (S (n k))?

1
lim (ﬂ

n

Al122399

n
a, = Z KUK % S, (n, k)
k=0

lim = 1.162899527477400818845 ...

n—>oo

@y -0

where r = 0.87370243323966833... is the root of the equation

1 e—l/r
——— = —r LambertW | —
e~ /T +1 r
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